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ABSTRACT 

We construct the Lagrangeans of = 3 and N = A two-form supergravi- 
ties. The two-form gravity theories are classically equivalent to the Einstein 
gravity theories and can be formulated as gauge theories. The gauge alge- 
bras used here can be identified with the subalgebra of = 3 superconformal 
algebra and SU{2) x SU{2) x [/(l)-extended N = A superconformal algebra. 
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It should be natural to regard the Einstein gravity theory as an effec- 
tive theory of a more fundamental theory e.g. superstring theory since the 
Lagrangean of the Einstein gravity is not renormalizable. Two-form gravity 
theory is classically equivalent to the Einstein gravity theory and appeared 
as the Lagrangean formalism of the Ashtekar formulation The two-form 
gravity is obtained from the BF theory 0, which is a topological field the- 
ory, by imposing constraint conditions 0. The BF theory has a large local 
symmetry called the Kalb-Ramond symmetry ||. Since the Kalb-Ramond 
symmetry is very stringy symmetry, the fundamental gravity theory is ex- 
pected to be a kind of string theory [Q. 

The two-form supergravity theory was considered in Ref. |J and the two- 
form supergravity theories which have a cosmological term and N = 2 su- 
persymmetry were proposed in Ref. jTj. The group theoretical structure of 
these supergravity theories was discussed in Refs.[^, || and it was clarified 
that N = 1 and N = 2 two-form supergravity theories can be formulated 
as gauge theories. The gauge algebras are the subalgebras of N = 1 and 
N = 2 Neveu-Schwarz algebaras whose generators are (L , L±i, G±i ) and 

(Lq, L±i, G , i , J ), respectively. Then it might be natural to expect that 
N = 3 and N = 4 two-form supergravities can be formulated as the gauge 
theories whose gauge algebras are the subalgebras of iV = 3 and N = 4 



[ |T0| , [TT|j Neveu-Schwarz algebra. In this paper, we construct the Lagrangean 
of iV = 3 and N = 4 two-form supergravity based on the subalgebra of 
SU(2) x SU(2) x [/(l)-extended N = 4 superconformal (Neveu-Schwarz) al- 
gebra |lTJ , which is known to be an irreducible algebra containing the largest 
number of supercurrents. 

The 577(2) x 57/(2) x [/(l)-extended N = 4 superconformal (Neveu- 
Schwarz) algebra is composed of Virasoro operators, four supercurrents, two 
SU{2) currents, four free fermion currents and U(l) current (free boson). 
The zero modes of two SU(2) currents, ±|-modes of four supercurrents and 
0,±l-modes of Virasoro generators make a closed subalgebra, which we call 
N = 4 topological superalgebra (N = 4 TSA) and can be expressed as follows 

[A a , A b ] = ie abc A c , [B a , B b ] = ie abc B c , [T a , T b ] = ie abc T c , 
[A a , B b ] = [B a , T b ] = [T a , A b ] = , 

V^KLAi A I — J-K ^MLA j [^KLAi a \ — 1 L ^KMA , 

^pcil rpa B 
\y T KLAt 1 \ — J-A ^KLB , 
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{GkLAi GmNb} — CnT^ M €LN^ABA a + f3eKMTi N €ABB a 

+^-KM^LNT% B T a . (1) 

Here A, B, ■ ■ ■ , K, L, ■ ■ ■ = 1, 2ft a, b, ■ ■ ■ = 1, 2, 3, 

rpa B 1 „a B /r>\ 



(a a 's (a = 1, 2, 3) are the Pauli matrices.) 

T><2 r rpa C 

AB = e BC+ A 
rpaAB _ ^ACrpa B 

and 

e AB = —e BA 
^ab = £ba 

e 12 = 6 2 i = 1 • (4) 

In the above algebra ([I]), A a and B a correspond to the zero modes of two 
SU{2) currents, Gkla to ±|-modes of four supercurrents and T a to 0,±1- 
modes of Virasoro operators in the SU{2) x SU(2) x £7(l)-extended N = 4 
superconformal (Neveu-Schwarz) algebra. The Jacobi identity 

[Gkla, {Gmnb, Gpqc}] + [Gmnb, {Gpqc, Gkla}} 

+ [Gpqci {Gklai Gmnb}] = (5) 

requires 

a + / 3+l = 0. (6) 

The invariant traces of the product of the two operators can be defined, up 
to a multiplicative constant, to be 

trT a T b = §ab trA a A b = -6 ab , txB a B b = \5 ab 

a p 

^GkLaGmN B = —^KM^LN^AB ■ (7) 



3 We use A, B, ■ ■ ■ as spinor indices with respect to SU (2) generated by T a and K, L, ■ 
with respect to two SU (2)'s generated by A a and B a . 
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The N = 4 TSA contains an algebra which has three supercurrents as a 
subalgebra. We call the algebra as A^ = 3 topological superalgebra (N = 3 
TSA). The reduction to N = 3 TSA from N = 4 TSA is given by 



/~ia rpaKL/~i ja a a i r>a 

Lr A = 1 (JKLA , J = A + n , 

1 

2 



a = P=-l. (8) 



The N = 3 TSA is 

[J a , J fe ] = ie abc J c , [T a , T b ] = ie abc T c , 
[J« G\) = ie abc G A , [G% T b ] = T\ B G b B , 

{G% G b B } = ~e ahc e AB J c - \^T C AB T C (9) 
and the invariant traces are 

tTT a T b = 5 ab ^ tT jajb = _^ab ^ t lG A G b B = ^^AB • (10) 

As we will see later, Gkla and G a A generate left-handed supersymmetry. 

Two-form gravity theory is obtained from the BF theory by imposing 
constraint conditions [[|. In order to keep the symmetries given by A^ = 3 
01 N = A TSA when imposing the constraints, we introduce the multiplier 
fields later. The A^ = 3 or A^ = 4 TSA multiplet of the multiplier field needs 
to contain a field of spin 2 representation with respect to SU (2) generated 
by T a . The representations containing the higher spins can be constructed 
by using a tensor product, where T a etc. are replaced by T a <g> 1 + 1 ® T a etc. 
[§]. In case of N = 4 TSA, such a multiplet is given by 

M ABCD = T? AB T b CD) T a ®T b , 

N KL ABC — T( AB {G KLC ) ®T a + T a ®G KLC) ) , 

K ab {a) = a{A a ®T b + T b ® A a ) + 2T aKM e LN T bAB G KLA ® G MNB , 

K ab ((3) = (3(B a ®T b + T b ® B a ) + 2e KM T aLN T bAB G KLA ® G MNB , 



Lkla = \{oc - (3)T\ B (G KLB ®T a + T a <g> G KLB ) 
+2aT a K M (G MLA ®A a + A a ® G MLA ) 

a N i 



-2(3T a L N (Gkna ®B a + B a ®G 



KNA , 
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H 



-{a- f3)T a ®T a + a 2 A a <g> A a - [3 2 B a ® S a 
3 

"""2^ ^KLA^MN B ■ 



(11) 



Here (AS ■ ■ ■ D) means a symmetrization with respect to AB ■ ■ ■ D which are 
indices of SU(2) generated by T a . The multiplet in N = 3 TSA is also given 
by, 



Mabcd — 


T? AB T b CD) T a ® T» , 






N a 

ly ABC — 


T b {AB (G a c) ®T b + T b ® 


G C)) > 




K ab = 


^(J a ®T b + T b ®J a ) 


1 ^^acdrpbAB 


G c A ®G d B , 


L A = 


(g a ®r + j a ® g a ) 




(12) 


, Nrlabc, 


K ab (a), K ab ({3), L KLA 


, H) makes 


a representation of 



N = 4 TSA. The (anti-) commutators of Gkla with (Mabcd, Nklabc, 
K ab (a), K ab (P), L KLA , H) are given by 4 



[G 



KLA, MbcDE 



{G } 



KLA, N MN B CD 



} 



G KLA ,K ab (a) 
G KLA ,K ab (P) 

{Gkla, Lmnb} 
[Gkla, H] 



— -£a{bNklcde) , 

-TKM e LN^A(BT CD )K ab (a) 

—£KMT L l N € A (BT CD \K ab (f3) + 2€kmclnM A bcd 



■ CD) 

Ttci Mrpb B t rtf „ 

K 1 A L MLB — 



1 \rna MrpaBC t\t 
1)1 K 1 iV ML ABC , 



_ T a B Lknb _ 2 (p _ l)T a N T aBC N K NABC 

e KM e LN e A BH + -(a + 2)T KM e LN T b AB K ab {a) 



--(P + 2)e KM Tl N T b AB K ab (P) , 



J KL A 



(13) 



In case of N = 3 TSA, the (anti-)commutaters of G a A with [Mabcd, N abc , 
K ab , La) are given by 



[G% M J 



BCDE\ 



■ —^a{bNc D e) > 
4 Gkla in Equation (|l3|) is understood to be Gkla ® 1 + 1 ® Gkla- 
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i 1 

{G a A ,N BCD } = --e a c e A ( B T CD) K - -5 a M AB cD , 



-be 1 



--5 ab T C A B L B + Si e ^d T eBC N d 



G% K 

{G%L B } = -T b AB K ab . (14) 

In the following, we call the representations given by [Mabcd-, Nklabc, 
K ab (a), K ab (P), L KLA , H) or (M ABCD , N% BC) K ab , L A ) as N = 4 or TV = 
3 spin 2 representation since the highest spin with respect to T a in the 
representation is 2. 

In order to construct the Lagrangeans of N = 3 and N = 4 two-form 
supergravity theories, we introduce the gauge field V^. In case of N = 4 
TSA, the gauge field is defined by 

V, = A^A a + B;B a + ^ LA G KLA + ^T a . (15) 

N = 3 TSA gauge field is also defined by 

v^A;r + r, A G A + ^T a . (16) 

ui^ is identified with left-handed spin connection and ip ABC an d are with 
the left-handed Rarita-Schwinger fields. The field strength (gauge curvature) 

R liV = [d ll + V ll ,d v + V v \ (17) 

has the following form in case of iV = 4 TSA 

ftV = {d,Al-d v Al + ie abc A b ^Al-aT a KM e LN e A B^ LA ^ NB }A a 

+{d,B a v - d v Bl + ie abc BlBl - Pe KM T a LN e AB ^ LA ^ NB }B a 

+m„ LA - d^« LA + n A (uttf LB - uttf LB ) 

+T a M K (A^ LA -A^ LA ) 
+T a N L {B a ^ NA - By« NA )}G KLA 

- d„u; + ie abc ^y v - e KM e LN T a AB ^ LA ^ NB }T a ,(18) 

and N = 3 TSA 

R,u = {d,Al-d u Al + ie abc AlAl- l -te abc e AB ^ bA ^f }J a 

+R€ A - %% A + T b B A (u b ^ B - ^ aB ) 
+ie abc {A b ^l A ~ A b v % A )}G A 

+{« - d v ul + ic abc u b y v + l -T a AB ip bA 4, b v B }T a . (19) 
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We also introduce the two-form field X^; in case of iV = 4 TSA 

AV = % u A a + Il^B* + x K »v A Gkla + S^T a (20) 
and in case of N = 3 TSA 

x m = n; u r + x aA G a A + s^r a . (21) 

We also need multiplier field. In case of N = 4, the multiplier field has 
the following form 

ffi — rh ABCD M -L^ KLABC AT 

<P — <p MabCD + K N KL ABC 

+\ ab K a \a) + e b K ab {(3) + C KLA Lkla + pH , (22) 

and in case of N = 3 TSA 

$ = 4> ABCD M ABCD + K aAB( ~' N^bc + A afe ^ afc + C^a • (23) 

The Lagrangeans of N = 3 and A = 4 two-form supergravity have the 
following form 

£ = evt" {tiR^X pa + AtrX^X pa + tr$(X^ <g> A pCT )} . (24) 

Here A is a cosmological constant. In the component fields, the terms in the 
Lagrangean of N = 4 two-form supergravity are given by 5 

tri^AV = l -{d»Al-d v Al + it ahc A\Al 

a -*T a KM e LN e AB ^ LA ^ NB }®% 
+ ±{d^-d u B; + ie abc BlBt 

-Pe KM Tl N e AB ^ LA ^ NB }W pa 

KLA o j.KLA 



+e KP e LQ e AC {d^ LA - d v rf 



5 Let Qi 's be the generators of TV = 4 or TV = 3 TSA, then the trace for the two tensor 
products are defined by 

tr(Qi ® Q 2 )(Q 3 <8> Q 4 ) = (-l) S23 trQ 1 Q 3 trQ 2 Q 4 • 
Here s 2 3 = 1 if both of Qi and Q3 are G a A or Gkla, otherwise s 2 3 = 0. 
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+T a B A K€ LB -^ LB ) 

+T a N L (B^ NA - BW« NA )} X P P ? C 

>KLAj,MNB 



-eKMe LN T% B ^ LA ^r B }^% , (25) 

1 1 
-0 a a + - 

a (3' 

, (26) 



tiX^Xpe — -0^0^ + -U a ^ l/ U a p(7 + e KM eLNeABX^u LA xf NB 



t^{X, u ®X ( „) = <p ABCD T? AB T*Z«Z b 



(AB- L CD)^pu^pa 

KLABC U,MN D r o , v « MN D\ 

pvXpu ) 



^fjtvXf, 

+ E^0« CT - 2T a KM e LN T b ABX « u LA xf a NB } 

+ A UV^^ + ^^Upa ~ Ze KM^ L N I ABX IJ ,u Xpa S 

-C KLA {\{a - (3)e K Me LN TUxfff B ^% + ^xff B ) 

+2 T KM e LNeAB(xf?u N B ® a pa + ^puX^ B ) 

-2e KM Tl N e AB (x^ NB U; a + IT^f/*)} 

+ P { l -{a - + %,e% - 

~ (3)e KM e LN e AB x KLA X MNB } , (27) 



and that of N = 3 two-form supergravity 

trR^X pa = -A{d^Al-d u Al + ie abc AlA c v 



1 



■i eAC {d,r v A - o^; A + n - ^% B ) 
+ie ^{A b ^: A -Air A )}x\ 

{■ 
i 



jX VT fx J J /Vpo 

a i • ctfoc ,b 

p + ie py 



, (28) 



2 

trX^ = -4n^ - \e AB x aA X a p B + ^% , (29) 
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tr$(X^®X p(7 ) = <p AB ^T? AB T b CD) ^ b pa 

-- K aABC T^ AB ec)D(X^u^ b pa + tfj.vXpa) 

+2e AB ( A ( x a *n a pa + ii; uX ;*) • (so) 

The integration of the multiplier field cp ABCD gives a constraint 

avparpa rpb v-ia v-ib r\ /oi \ 

pv pa " ' V / 

which can be solved by introducing the vierbein field e™ 

^% = Vmn e n e v ■ (32) 
Here r?^ n is called the 't Hooft symbol and defined by 

vt = -V a u = $ ah ■ (33) 

The equation of motion which is obtained from the variation of o> p can be 
solved with respect to algebraically, i.e., becomes a dependent field. 
The constraints given by the integration of ^ KLABC in N = 4 case 

e^T? AB e c)D (xtl N + ^i ND ) = ' (34) 
and K aABC in N = 3 case 

^ pa Tt AB e c)D (x a °K« + KX° ) = > (35) 

are solved by introducing the right-handed Rarita-Schwinger field ipff LA and 
ty aA if we assume Eq. ( p2|) 



^MND n m„ A j,MNB ■m „ A ,i,MN B foc\ 

Xp V = e fl a mB i; v -e u a mB i; p , (36) 

Xpu = e p^mB^u - e v° m BVn ■ (37) 

By counting the degrees of the freedom, we find that other constraints given 
by A ab , £ afe , C KLA } p(N = 4 case) and X ab , ( A (N = 3 case) can be also solved. 
The constraints given by ( KLA and ( A tell that all of the 4x8 (N — 4 case) 



9 



or 3 x 8 (N = 3 case) components of the right-handed Rarita-Schwinger field 
are not independent but only 4 x 6 or 3 x 6 ones are independent. 

The existence of the right-handed Rarita-Schwinger field implies that the 
system has the right-handed supersymmetry. The right-handed supersym- 
metry appears as the residual symmetry of the Kalb-Ramond symmetry in 
the BF theory after imposing the constraint conditions ||. The Lagrangean 
of the BF theory has the following form 

£bf = ^ vpa {trR^X pa + AtrX^X^} . (38) 

The Lagrangean ( |3~8"D has the large local symmetry which is called the Kalb- 
Ramond symmetry. The transformation law of the Kalb-Ramond symmetry 
is given by 

5 K rX»v = 1 -{D„C V -D V C„) . (39) 

Here the parameter of the transformation is in the same representation of 
N = 3 or N = 4 TSA gauge field and the covariant derivative D p is defined 
by 

£> M • = [fy + Vp, ■ ] . (40) 
Now we consider the Kalb-Ramond like transformation for the Lagrangean 



SkrA^ = -AC M - $ x C M , 

SkrX^ = ^(D,C U -D U C,) . (41) 

Here the product R x S of two operators R = fijQ 1 ® and S = J2i s iQ % 
(Qi's are the generators of Af = 4 or Af = 3 TSA), is defined by 

RxS = Y / r jk s i g ij Q k . (42) 

ijk 

Here g^ is defined by the trace of the two operators = trQ l Qi in Equation 
(0) or fllPl). Then the change of the Lagrangean (|24j ) is given by 

S KR C = -e^tiD^iC <g> X pa ) + total derivative . (43) 
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This tells that the Lagrangean (|24| ) is invariant if 



^ Vpu {C v (g> X pa ) 1 7v = 3 or N = 4 spin 2 representation part — ■ (44) 



Equation ([33 ) does not have solution in general, which can be found by the 
counting of the degrees of freedom. If we assume, however, that the two-form 
field X^ u satisfies the constraints given by the multiplier field $, there is a 
unique solution,^ 

= X^v" . (45) 

Here v u is an arbitrary vector field parameter. The Kalb-Ramond like trans- 
formation ( f4"T|) given by ( f45|) contains the general coordinate transformation. 
Now we consider the case where is given by 

v , = I e K Me LN e^^ AA x^V (N = 4) 

I e aA a\ A x a V (N = 3) K } 

Here e KLA and e aA are right-handed spinors. Since the vector parameter 
is field dependent, v M is transformed by the left-handed supersymmetry 
transformation, which is generated by i] kla Gkla or rf A G\ [rj KLA and rf A 
are left-handed spinor parameters), as follows 



a 



AA 



rf A (N = 3) 



Therefore the commutator of the left-handed supersymmetry transformation 
and the Kalb-Ramond like transformation (p|) whose parameter is given 
by Eqs. fl45|) and ( f46l) contains the general coordinate transformation whose 



parameter is given by (f|7|). The commutator corresponds to the usual com- 
mutator of two supercharge: 

[eQ lV Q] = e^ V P,. (48) 

This tells that the Kalb-Ramond like transformation given by Eqs.(f4"l~D, ([15]) 
and (HB) can be regarded as the right-handed supersymmetry. 

6 In this sense, the "symmetry" discussed in the following is not the real symmetry. 
The "symmetry" expresses the redundancy when we write the two-form field by the 
vierbein etc. after solving the constraints given by the multiplier field $. Therefore the 
"symmetry" can be regarded as a kind of hidden local symmetry. 
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In summary, we have constructed the Lagrangeans of N = 3 and N = 4 
two-form supergravities as gauge theories. The gauge algebras used here can 
be identified with the subalgebra of SU(2) x SU(2) x ^(l)-extended N = 4 
superconformal algebra. We have also shown that the right-handed super- 
symmetry appears as the residual symmetry of the Kalb-Ramond symmetry 
in the BF theory after imposing the constraint conditions. 

We are indebted to A. Sugamoto for the discussion and the reading the 
manuscript. 
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